A current-carrying coil design with improved liquid cooling arrangement Rev. Sci. Instrum. 84, 065115 (2013) We develop a series expansion for the calculation of the magnetic field near the center of Helmholtz coils and apply the result to a magnet of our design. Our analysis considers geometric details of the coils, the magnetic properties of the form and windings, conductor insulation effects, and several winding imperfections. We also consider the relaxation of coil symmetry which happens when the mean radius of each coil and the coil midplane separation distance are unequal. We compute the field uniformity near the coil's center for three cases, including one where axial symmetry remains but geometric imperfections of the order of 10 −3 of the coil "radius" exist.
I. INTRODUCTION
The term Helmholtz coils refers to the geometrical arrangement of two identical, parallel, circular, coaxial, current-carrying coils whose midplane separation is equal to their mean radius R. Although there is some uncertainty 1 regarding the origin of this geometric configuration, these coils are named 2, 3 in honor of Hermann von Helmholtz ͑1821-1894͒, and are a common arrangement used to produce magnetic fields needed for many laboratory applications. The geometric symmetry 4 of the coils produces a field of high uniformity near their center which is nominally calculable 5 from the coil radius and current. Higbie 6 has examined the uniformity of the field in the midplane of the coils, and Purcell 7 has considered this field with reference to magnetic multipole moments and an emphasis on the field far from the coils' center. Wang et al. 8 have examined the field uniformity for Helmholtz coils, Maxwell's tricoil, and an "improved Helmholtz coil" which they suggest. Cacak and Craig 9 studied field uniformity as a function of coil pair separation for circular and square coils. Garrett 10 more generally has discussed magnetic fields produced by axially symmetric current distributions.
We have designed and built Helmholtz coils for a particular experiment in which it is desirable to compute the coils' field to better than one part in 10 5 and to know quantitatively the uniformity of the field near their geometric center. We follow the approach of others 4, [11] [12] [13] who have considered this problem and have given descriptions of the field strength in the form of a power series involving ratios of various coil geometric parameters to the coil radius.
Below we present design details of our magnet and the analysis of its field. Additionally, we report extensions to the power series calculation that include corrections for several effects present in our magnet's construction. In Sec. II the power series calculation is extended to include the reduction in coil symmetry if the mean radii of the two sets of windings and their midplane separation are different. This reduction in symmetry reduces the field uniformity. Results from this calculation will be utilized throughout the rest of this paper. For instance, by using these calculations, it can be shown that a second set of correction Helmholtz coils may be used to further improve field uniformity. Section III presents these arguments. Section IV refines the power series calculation by considering gaps between adjacent layers of windings caused by the insulation of the wire. Since the magnetostatic properties of materials within the magnet also affect the field, we present these corrections in Sec. V. These calculations include materials used in constructing the magnet and the windings of the magnet itself. Sections VI and VII present the effects of winding imperfections and thermal expansion, respectively, on the uniformity of the field. Finally, Sec. VIII describes one of our experimental tests of our analysis of the field. Throughout, we provide the magnitude of each effect and in one instance compute the corresponding reduction in field uniformity.
II. CALCULATION OF FIELD NEAR THE CENTER OF HELMHOLTZ COILS
Our interest is in the calculation of the magnetic field, B, at field point P off the axis near the center of Helmholtz coils, as shown in Fig. 1͑a͒ . The position is defined by ͑x , y͒ or ͑r , ͒ in a coordinate system whose origin is at the coils' center. The initial approach is to calculate the magnetostatic scalar potential ⌽ at a point ͑x ,0͒ located on the axis ͓see Fig. 1͑b͔͒ due to a single turn of the coil passing through the point ͑xЈ , yЈ͒ within the right coil. A suitable average ⌽ over the rectangular area ͓a , b͔ is then found. Similar arguments are made for the left coil. Next, the axial substitution r n P n ͑cos ͒ / R n , where P n ͑cos ͒ is the nth Legendre polynomial, is made for x n / R n to obtain ⌽ in the off-axis position for the case r Ͻ R. B then follows as 
͑1͒
The components B r and B are computed and transformed to the axial and radial components B x and B y , respectively. Maxwell 3 has used this approach; likewise, except for averaging over the cross-sectional area of the coils, has Jefimenko. 4 We define the separation between the midplanes of the coils as R and the mean radii of the left and right coil as R − and R − , respectively. This addition to the model allows for the possibility that the two coils, perhaps due to imperfect machining and/or nonuniform thermal expansion, have different radii. This geometry preserves axial symmetry. If = = 0, we describe true Helmholtz coils. The resulting field components B x and B y are found in a series expansion in terms of the form
For the symmetry of true Helmholtz coils, ␣ + ␤ + ␥ + ␦ is zero or an even positive integer; we refer to the value of ␣ + ␤ + ␥ + ␦ + ⑀ + as the order of a term and find all terms in the expansion of B through fourth order. Higher-order terms prove unimportant for our purpose.
To begin the calculation, let N be the number of circular turns per coil. Consider a turn of zero cross-sectional area carrying current NI and passing normally through the point ͑xЈ , yЈ͒ of the right coil in Fig. 1͑b͒ . The resulting scalar potential ⌽ 2 ͑xЈ , yЈ , x͒ at the point on the axis a distance x from the center is
where ⍀ is the solid angle subtended by the turn and
The average scalar potential over the rectangular crosssection of the coil, ⌽ 2 ͑x ,0͒, is found by expanding ⌽ 2 to suitable order in a two-dimensional Maclaurin series in xЈ and yЈ, and then integrating over the rectangle and dividing by its area, ab. The resulting ⌽ 2 ͑x ,0͒ is combined with a similar function ⌽ 1 ͑x ,0͒ for the left coil. Axial substitution then yields ⌽ ͑r , ͒ off-axis and B follows from Eq. ͑1͒. The magnetic field at the off-axis point ͑x , y͒ is, through fourth order 
, ͑4g͒
and
For true Helmholtz coils, = = 0 and these expressions simplify substantially. In that case Ruark and Peters 12 have given similar results. Note that if , the midplane x = 0 of the coils is not a plane of symmetry. The magnitude and direction of B͑x , y͒ are easily found from these equations.
III. MAGNET CONSTRUCTION AND FIELD UNIFORMITY
Our experimental application involves an optical pumping experiment wherein a Pyrex cell containing an atomic vapor is placed in an external magnetic field whose strength can be varied in the range 0-30 G. Our cell is cylindrical with 21 mm radius and 22 mm height, is centered at x =0, and is coaxial with the magnet's axis. The magnet's form is a cylinder approximately 15 cm in radius and 20 cm in height onto each end of which is attached a coaxial cylindrical disk containing a winding channel of mean radius 0.24 m. The form has an axial hole with a radius of about 5 cm, and a transverse, square cross-section ͑10 cm side͒ hole which passes through the form's center. This second hole allows positioning of the cell.
We chose the epoxy-laminate G-10 as form material primarily because of the small magnetic susceptibility and machining properties of G-10. Additionally, an "A"-frame, used to align the magnet's axis with the local field, and the x-y-z adjustable holder for the Pyrex cell were all constructed from this material. The magnet has a mass of about 60 kg. A current of 5 A produces a field of about 30 G at the magnet's center.
We used square cross-section copper wire 14 Another improvement can readily be made by including a second, smaller set of correction Helmholtz coils of mean radius R S that are cocentered and coaxial with the larger set of radius R L . Consider the case in which identical current I circulates in the smaller coils in the opposite direction and the radius R S of these smaller correction coils satisfies the condition
where N S͑L͒ is the number of turns for the small ͑large͒ coil.
Note that under these conditions, the effect of the remaining xy dependent terms independent of and in Eqs. ͑4͒ would be canceled. 13 As part of our design, we considered improvements which may result from the use of correction Helmholtz coils in accordance with Eq. ͑5͒. Given our value of R L , we picked N S = 16 and thus R S = 0.1476 m. Since computations show it is unnecessary to satisfy the ratio b / a = 1.0776 for the correction coils, their cross-section ratio was chosen to be 1.0, or the square of four layers of four turns each. The computed uniformity of the field using both sets of coils is shown in tion coils can produce at least a 400-fold improvement in field uniformity in the volume enclosed by our cell.
IV. INSULATION EFFECTS
The model described by Eq. ͑4͒ assumes that current flows uniformly within the entire cross-sectional area ab of the magnet form. In reality, there are voids within this area due to the insulation of the wire and occasional gaps between edge turns and form walls. Our magnet is wound with insulated wire of square cross-section to minimize these voids. The wire cross-section is nominally square; the corners are rounded with a small radius. We call the insulation thickness t and the wire edge h and assume the ratio r ϵ t / h Ӷ 1. Our magnet has an even number 2n ͑n =1,2,...͒ of horizontal layers, each of NЈ turns. The cross-sectional area of the windings thus contains horizontal rows and vertical columns of thickness 2t occupied by insulation. At the intersection of a row and column, the rounded corners of the turns create a small diamondlike gap. Figure 3͑a͒ shows the geometry, and overemphasizes the wire's rounded corners. Here we estimate the effect of wire insulation on the field computed at the cell's center from Eq. ͑4͒ to second order. We neglect the susceptibility of the insulation, and here take = =0.
We focus at the point x = y = 0 on terms through second order which involve a and b. The interest is in the quantity ͑1−b 2 / 60R 2 ͒ from Eq. ͑4a͒. We neglect the columns of insulation of thickness 2t because they do not contribute to second order. We also ignore the small corner radius of the conductor. Thus we model the system shown in Fig. 3͑b͒ .
We begin by grouping the even number 2n of layers ͑horizontal rows in Figs. 3͒ of windings into n pairs, such that the central two rows form the first pair. Each successive pair is composed of the two rows of windings each equidistant from the central insulation row. We next compute the field produced at the cell's center only by the central pair of windings. Later, through induction, we extend this result to the full n pairs.
We define the number of turns in a row as NЈ and set the number of turns in a row per unit distance measured along the distance b to be NЈ / h. We consider a hypothetical magnet of turns ͑NЈ / h͒ ͑2h +2t͒ =2NЈ͑1+r͒, distributed without insulation over a rectangular cross-section ͓a , ͑b =2h +2t͔͒. We compute B for this distribution.
Next we consider the field produced by a second hypothetical magnet with one horizontal row of NЉ = ͑NЈ / h͒͑2t͒ turns contained in rectangular cross-section ͓a , b =2t͔. Subtracting the second result from the first gives, to first order in r
͑6͒
This result is B at the cell's center for the central two rows of windings in Fig. 3͑b͒ ; these rows are separated by the insulation row of thickness 2t. We note that ͑2h +2t͒ is the dimension b for this part of the magnet. Therefore, the effect of the central insulation row is to change the second order term ͓−b 2 / 60R 2 ͔ to ͓−b 2 ͑1+r͒ / 60R 2 ͔ and hence to reduce the field.
Using this process and induction, one can obtain the effective b value for any rectangular cross-section Helmholtz coil having 2n layers of windings. The result is
which shows that the effect of the insulation layers is to increase b eff and hence decrease B. This effect increases with r and decreases with n. In practical application, the effect is usually small if r Ӷ 1. The same approach may be used for coils with an odd number of layers. Any other insulation effects would be of order higher than second.
Following this development, in our magnet we have n =7, t = 1.7ϫ 10 −5 m, h = 8.13ϫ 10 −4 m, and r = 0.021. With these parameters, we compute that the presence of insulation on our windings decreases the field computed from Eqs. ͑4͒ by 0.2 ppm.
V. MAGNETOSTATIC EFFECTS
In order to predict the magnetic field B near the magnet's center, we use Eq. ͑4͒ to calculate B for known magnet geometry and current I. The actual field may differ from this calculation because of the magnetization effects of the mag- Figure 3͑a͒ shows actual magnet geometry. The radii of the corners of the square cross-section wire are exaggerated for clarity. Figure 3͑b͒ shows the system actually modeled. Dimensions are not to scale. where m Ͼ 0 for paramagnetic and m Ͻ 0 for diamagnetic materials.
The magnetization M of the magnetized material gives rise to a bound volume current density J b calculable from
and a bound surface current density K b whose value is
where n is an outward unit vector normal to the surface of any material of interest. One may compute the effects of magnetized linear materials, given their susceptibilities, if H is known. Since in our case only weakly magnetizable materials are involved, their effects on B near the magnet's center are small. Where r Ͻ R, H may be approximated from Eq. ͑4͒; alternatively, at any field point, one may approximate H by numerically integrating over infinitesimal circular current loops 15 confined to the rectangular cross-sectional areas of our Helmholtz coils. We used this second approach only for parts of the magnet form where r Ͼ 0.7R. Once H is found, one uses the infinitesimal current elements originating from J b and K b in the volume or on the surface of the material to compute the corresponding fields due to magnetized material. Also, since ٌ ϫ H = J f where J f is the conduction current density, J b = m J f and the magnetization effects of the current-carrying winding material can be computed.
Following this approach, we compute the change in the field at the magnet's center due to the magnetization of several materials within the magnet: the form material, the copper windings, a Pyrex absorption cell, and a cell holder with air baffles used to inhibit the escape of heated air. To estimate the uniformity of some of these effects, we repeated the calculations on the magnet's axis at a cell window. The results in units of 8 o NI m / 5 ͱ 5R are shown in the first row of Table I . We note that these results depend on the details of the material's geometry, are directly proportional to m of the material, and are usually the sum of several partially canceling results.
Some additional comments are in order: First, near the magnet's center, the radial magnetization component M y , being a second-or higher-order position-dependent quantity, contributes effects much smaller than the axial magnetization component M x whose effects dominate the results. However in the form immediately adjacent to the windings, both M x and M y are relatively large. Second, since J f = 0 in the form, cell, and cell holder, the bound current J b contributes nothing in these cases and only surface magnetization currents are present. Third, those surfaces perpendicular to the symmetry axis have M x ϫ n = 0 and generally contribute comparatively weakly. Finally, the negative sign of an entry means that if m Ͼ 0, the magnetization of that material reduces the field within the cell. This nonintuitive result is the net effect of surface magnetization currents of varying strengths flowing in opposite directions and being positioned at different distances from the cell. We used symbolic computational software to perform the rather complex geometric integrals arising in these computations.
We repeated the computation for the material of the Pyrex cylindrical cell. The windows contribute little and the cylindrical inner and outer walls of differing heights and nearly equal radii produce the nearly offsetting effects shown in the second column of the table. The magnetic effects of cell-holders and baffles are shown in the third column of the table.
The magnetization of the square copper wire used in the coil windings produces bound magnetization currents which add or subtract to the B field an amount proportional to m for the wire. As Table I shows, the magnetic susceptibility of copper ͑ m Ϸ −10 −5 ͒ appears to reduce the calculated value of B m by about 10 ppm because of the bound current density. However, outside a long straight wire of circular crosssection, the effect of a uniform J b is exactly offset by effects of the surface current K b . Detailed numerical calculations for the geometry of our conduction current show that, at our magnet's center, the effect of K b exceeds that of J b by one part in 10 3 . The magnetic susceptibilities shown in Table I were measured using a Johnson Matthey susceptibility balance. 16 For our Cu wire we measured m and obtained the accepted value 17 within the uncertainty of the measurement. We used the accepted value with confidence that our wire sample has the susceptibility of pure copper. Thus the computed magnetization effect for the G-10 magnet form is to increase ͓͑−0.050͒͑−3.4ϫ 10 −6 ͒ = +1.7 ϫ 10 −7 ͔ the field at the cell's center by about 0.2 ppm. The Pyrex cell produces an increase of about 0.1 ppm. The cell holder and baffles produce an increase of about 0.3 ppm. The magnetization effect of the copper conductor is estimated to be of the order of +10 −8 of the field due to the conduction current. 
VI. WINDING IMPERFECTIONS
Above we modeled the windings of our magnet as circular turns which close on themselves. In fact, in a given layer no turn quite closes but has, over a small fraction of a turn, a slight lateral offset which provides the transition to the adjacent turn. We call this winding imperfection a "lateral offset." For the last turn touching a side of the channel in the magnet form, a lateral offset is impossible and that winding will "pop up" into the next layer prematurely. These imperfections produce a small void in the first and last turns of a layer, and in our magnet resulted in a fraction of the last turn of the top layer having an increased radius. Thus, for a reason other than insulation effects, the model of current uniformly distributed throughout a rectangular cross-section of dimensions ͓a , b͔ is not strictly correct. Here we make corrections for these other effects.
Because of the pop-up effect caused by the lateral offset of each turn, the effective coil radii R − and R − in Eq. ͑4͒ are slightly larger than the average of the carefully measured inner and outer radii of the windings. Instead of an integral number of turns in a layer, there are slightly fewer, and these missing pieces of layers produce an outer layer with fewer than the full number of turns. We thus compute the radii in Eq. ͑4͒ as a weighted average of the radius of each layer, with the weight being the nonintegral number of turns in that layer. The average midplane spacing R of Eq. ͑4͒ is computed in an analogous manner. Also, the effective value of b in Eqs. ͑4͒ and ͑7͒ should be slightly larger because of the presence of a ͑usually small͒ fraction of an outer layer.
Each current-carrying lateral offset of a turn could be considered as a combination of two parts. The first would be a small circular arc which would complete each circular turn; the second part would be a current element of length equal to the wire edge and direction parallel to the magnet's symmetry axis. Since the lateral offsets of turns in a layer are adjacent to each other, the combined effect of the current elements in a layer parallel to the magnet's axis is of a hypothetical short wire segment of length slightly less than a in Fig. 3 . This hypothetical current element would produce a field at the magnet's center which is perpendicular to the axis. However, it is possible to have offsets of comparable layers of the two coils run in opposite directions and produce canceling results at the magnet's center.
In our magnet, instead of 13 turns per winding layer, we measure only 12.981 because of the pop-up effect. There are 0.264 turns in a fifteenth layer. Following the weighting procedure described above, we find that the effective value of R in Eq. ͑4͒ is about 40 ppm larger and correspondingly the zeroth-order term ͑1 / R͒ is 38.4 ppm smaller.
The effective b value in Eq. ͑7͒ should be slightly larger because of the small fraction of a 15th layer. Using a similar weighting technique, we find that the term 1 − b 2 / ͑60R 2 ͒ decreases only 0.1 ppm. The effect of the larger effective b value is nearly canceled by the effective increase in R. We also wound our magnet so that the lateral offsets in comparable layers of the two large coils run in opposite directions to produce canceling effects at the magnet's center.
VII. THERMAL EXPANSION
During use of our magnet, its core is heated to 60°C. In the course of this work, we discovered for ourselves what others have known: G-10 has strongly nonisotropic thermal expansion caused by different glass fiber counts in different directions in a layer and a distinctive structure in the direction normal to layers. Because of a small machining error and the nonisotropic thermal expansion of G-10, careful measurements showed that, during use, / R L = 6.26ϫ 10 −4 , / R L = 1.02ϫ 10 −3 . In absolute units, the corresponding values of and are only about 200 m. As accurately as we could measure ͑about 20 m͒, our magnet retained axial symmetry, but the mean coil radii and the coil midplane separation differed slightly. The plane x = 0 was no longer a symmetry plane. Figure 2͑c͒ shows the computed field uniformity in the case N S =0 ͑no use of correction coils͒ and these nonzero values of and . The lack of symmetry about the plane x = 0 is evident and the largest nonuniformity, about 40 ppm, occurs on one cell window at its perimeter. Use of the correction coils in this case ͑not shown͒ improves uniformity only by about a factor of 2, in contrast to the case shown in Fig. 2͑b͒ . Thus, one conclusion is that the desired improvement in field uniformity obtained through correction coils is greatly reduced if the larger Helmholtz coils have small geometric defects. One must also be aware that the net field near the coils' center may have even larger inhomogeneities if the environmental field due to the magnet's surroundings is sufficiently nonuniform.
VIII. EXPERIMENTAL TEST
Here we briefly report an experimental test of Eq. ͑4͒; this test used our magnet to measure the M F =2↔ 3, ͑2-3͒, Zeeman transition in the F = 3 hyperfine component of the electronic ground state of Rb 85 . Benumof 18 has described the general measurement technique and also stated the BreitRabi equation which relates the Zeeman frequency to the magnetic field strength which splits the magnetic substates. We used measured frequencies to determine the field produced by our magnet at nominal currents of 2.0 and 3.0 A, and compared these fields to the corresponding ones calculated from Eq. ͑4͒ for the appropriate magnet current and geometry. To eliminate the effects of magnetizable materials in a surrounding building, our measurements were made outside, 2 m above ground in a carefully screened area removed from structures. We first measured the environmental field B e at out magnet's center by measuring Zeeman frequencies at zero magnet current. Then we measured the ͑2-3͒ frequency at a nominal current of 2.0 A with the magnet's field B m both parallel and opposite to B e . From this information we obtained two measured values of our magnet's field at its center; we repeated the measurement at 3.0 A with the two fields being parallel. For the corresponding currents and the other effects discussed above, we calculated B m at the center from Eq. ͑4͒. Table II shows the results. To extract transition frequencies from the observed asymmetrical transition profiles, we fitted them to an exponentially modified Gaussian ͑EMG͒ shape. From the line-width parameter of the EMG profile, we obtained full-widths at half height ͑FWHH͒ of the observed lines. These were about 315 Hz at 2.0 A and 460 Hz at 3.0 A. We expect our observed widths to result predominately from axial field inhomogeneities; contributions from the Doppler effect ͑a few hertz͒, light intensity, rf fields, and other sources such as relaxation due to collisions, are much smaller. In Rb 87 , under somewhat different conditions, a FWHH of 2.6 Hz has been observed. 19 Since the transition frequencies are approximately proportional to B m , we include the ratio FWHH/transition frequency in Table II as an approximate measure of nonuniformity.
Examination of Table II shows that in this test Eq. ͑4͒ predicts our magnet's field with an accuracy of a few parts in 10 5 . Comparison of the FWHH/transition frequency ratios with Fig. 2͑c͒ shows general agreement between observed and predicted field nonuniformity. We did not measure the nonuniformity of B e which could contribute to the observed value. These tests are sensitive mostly to zeroth-, first-, and second-order constant and position dependent terms in Eq.
͑4͒.
In two subsequent papers we will explain in detail our experimental methods and present the results of several hundred Zeeman measurements taken with B m values ranging from 6 to 26 G; these results show that Eq. ͑4͒ accurately predicts the field at the center of our magnet, using currents in the range of 1.0-3.5 A, with an average accuracy of the order of one part in 10 5 . In Table II the 3.0 A test is representative of the outer range of agreement we have experienced in our use of Eq. ͑4͒.
IX. SUMMARY AND CONCLUSIONS
We have derived through fourth-order a theoretical power series for the computation of the magnetic field near the geometric center of Helmholtz coils. This expression assumes that the coils' windings uniformly fill an area of rectangular cross-section of dimension ͓a , b͔. Our result is generalized for a reduced symmetry which retains a symmetry axis, but allows for the mean radius of each coil and their midplane separation to all be unequal.
For geometrically perfect Helmholtz coils with R = 0.24 m, b / a Х 1.0769 and positions near the center defined by x / R Յ 5 ϫ 10 −2 , y / R Յ 9 ϫ 10 −2 , the field is uniform in magnitude to 25 ppm. Use of a second set of smaller correction Helmholtz coils can theoretically increase field uniformity by at least a factor of 400.
The winding defects we have described as lateral offsets and pop-ups can produce changes in the field of the order of 100 ppm. The presence of insulation on the coil windings is estimated to produce a much smaller change of the order of 0.1 ppm in the field.
The magnetostatic effects of the Helmholtz coil form material are computed to alter the field at the center by the order of 0.1 times the susceptibility of the form material; for a G-10 form this change is about +0.3 ppm. For the magnetization of circular turns of current-carrying winding material, the volume and surface effects almost completely cancel; for copper the estimated magnetization effect is of the order of one part in 10 8 . A cylindrical Pyrex cell placed in the central region is computed to alter the field by +0.1 ppm.
For "Helmholtz coils" with axial symmetry but with geometric imperfections described by / R and / R of the order of 10 −3 , field nonuniformity is nearly doubled and the improvement in uniformity through the use of correction coils is greatly reduced. Geometric imperfections of this order can easily be introduced by moderate heating of G-10 form material which has nonisotropic thermal expansion. In this case, the field's computed magnitude at the center can be altered by the order of 100 ppm. Thus, the nonuniform thermal expansion properties of G-10 material may produce relatively large changes in field uniformity and magnitude even in a perfectly machined magnet if the form is used in an altered thermal environment. This behavior offsets the advantage of the relatively small susceptibility of G-10. Aluminum may be a superior form material.
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